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We investigate, within the framework of extended Hiickel theory, the ongms and structural dependences
of the electronic hyperpolarizability tensors of asymmetric TiO, and TiOg®. The TiOg® species, which
is a basic structural unit of KTiOPO, (KTP), is taken as a distorted octahedron with the trans oxygens
placed asymmetrically above and below the TiO, equatorial plane. A term-by-term analysis of the per-
turbative series for both TiO, and TiO¢® shows that second harmonic generation derives predominantly
from = excitations (relative to the asymmetric O-Ti-O axis) and that the net hyperpolarizability results
from the near cancellation of large contributions with opposite signs. Specific contributions to the hy-
perpolarizability, which we classify into three major » families and three major ¢ families, typically pass

through minima and maxima as the difference between long and short Ti-O bonds is increased.

Introduction

With nonlinear optical phenomena such as second
harmonic generation, optical parametric oscillation, and
frequency mixing so important in the design of lasers and
electrooptic devices, there remains sustained interest in
developing and understanding new materials with suitable
properties.”? One well-known nonlinear system, potassium
titanyl phosphate (KTiOPO,, or KTP), has been used
successfully for over 15 years to double the output of
Nd:YAG lasers®” and today serves as a model for a family
of isomorphs and related inorganic structures.*® A
systematic microscopic analysis of the electronic hyper-
polarizability of KTP therefore seems to be particularly
desirable at this time, especially since any insight so gained
may have implications for a broad class of systems im-
portant for both technological and theoretical reasons.
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At the heart of KTP’s crystal structure, and thought to
be most relevant to its nonlinear optical properties, is a
distorted TiOg octahedron in which the oxygens trans to
the metal are positioned asymmetrically above and below
an (approximately) planar TiO, grouping.’® These oc-
tahedra are then linked, through shared corners, with
distorted PO, tetrahedra to form a three-dimensional
framework. The orthorhombic structure that results
contains chains of ~Ti-O-Ti-O- atoms running parallel
to the crystallographic a axis, there being one oxygen
shared between every two adjacent TiOq octahedra. The
potassium atoms occupy sites in open hexagonal channels,
as indicated in the projection shown in Figure 1.

KTP’s large hyperpolarizability is generally attributed
to the asymmetric disposition of the trans oxygens in the
distorted TiOg octahedra, an arrangement which creates
one unusually short (1.70-1.75 A) and one unusually long
(2.10-2.15 A) Ti-O bond in each unit. Early studies using
bond-parameter models for the nonlinear properties
identified this structural and electronic feature as a key
contributor to the microscopic hyperpolarizability.> More
recent analyses using such models have pointed to the
short bond, in particular, as largely determining the linear
and nonlinear susceptibility.!”’® Reported calculations
of band structure made under the local density approxi-
mation, taking into account the potassium and phosphorus
as well as the titanium and oxygen atoms, have also em-
phasized the dominant effect of the short Ti-~0O bonds on
the electronic structure.!® The more extended solid-state
results suggest further that the TiO; and PO, groupings
might act as localized electronic entities in the crystal and
thus reinforce parallel studies made within the context of
traditional molecular orbital theory.!31420-22 These latter
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Figure 1. Crystal structure of KTiOPO,, shown as a projection
on the (001) plane. The drawing highlights the interconnected
TiOg octahedra and PO, tetrahedra. The K atoms appear as large
circles.

approaches have yielded descriptions of electronic struc-
ture and bonding at both the semiempirical and ab initio
levels and provide the immediate background for the
present work.

Our intention here is to explore the effects of geometric
and electronic distortion on the hyperpolarizability tensors
of TiO, and TiOg* species, using these fragments as
quasi-localized models for the crystalline KTP system. An
extended Hiickel treatment of the electronic wave function
(which in subsequent work we plan to replace by self-
consistent semiempirical and ab initio forms) provides a
convenient, if qualitative, starting point for a perturbative
evaluation of the nonlinear optical coefficients. The
one-electron extended Hiickel model has been used before
in studies of KTP and related systems,!31422 gnd indeed
many of its qualitative aspects and predictions figure im-
plicitly in conventional notions of chemical bonding.?526
The Hiickel picture, its oversimplified assumptions not-
withstanding, has the clear advantage of preserving both
the full overlaps and the basic symmetries of the molecular
orbitals while capturing many important features of
electronic structure in a fashion that appeals to chemical
intuition. In this way we are able to examine, rapidly and
efficiently, a large number of structures and thus help to
elucidate some of the factors that influence the nonlinear
optical properties of KTP. The specific numerical results
cannot be interpreted quantitatively, of course, nor can
they be reasonably expected to reproduce experimental
data in any absolute sense. Rather, our more modest goals
are simply to understand the relative importance of various
effects and to expose certain trends and tendencies within
a carefully controlled series of model structures. What we
do, specifically, is analyze the perturbative series for the
hyperpolarizability tensor term by term while varying a
single structural parameter. Relative effects within each
well-defined family therefore should become apparent
despite the inevitable inaccuracy of any individual result.
Of particular interest are such questions as the effect of
fragment size (scaling up from TiO, to TiOg and beyond),
the distinct roles played by the x- and o-electron systems,
and how different classes of electronic excitations con-
tribute to the hyperpolarizability. From the viewpoint of
the materials chemist, such an analysis may offer some aid
in eventually understanding structure—property relation-
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ships in KTP; from the more restricted viewpoint of the
theoretical chemist, this systematic application of the ex-
tended Hickel model to second harmonic generation in
inorganic materials may provide a useful basis for com-
paring one-electron and self-consistent approaches to the
analysis of nonlinear optical effects.

It should be clear that our immediate intention is not
to account for the bulk nonlinear susceptibility of the
crystalline system. A complete understanding of KTP and
related materials will certainly involve factors beyond the
local electronic structure of the fragments we consider.
Additional structural irregularities, the influence of the
cation, local field effects, and, most notably, the extended
chains and periodicity of the system all play a role in
determining the nonlinear optical properties. Our goal at
present is to contribute to this understanding by focusing
on the smallest subunits of the crystal that can be expected
to retain its essential properties. We suggest that this work
might constitute a good beginning to the understanding
of a very complex problem.

Formalism and Notation

Adopting the usual summation convention for repeated
indexes, we define microscopic polarizability tensors of
various ranks through the expression

pi = aj(w)Ejw) + Bijp(—wiwy,wy) Ej(w;) Eg(wy) +
Yijr(—wiw, ,wg ,ws') Ej(w) Epwy) Ejwy) + ... (1)

where p; (i = x, y, 2) is a component of the dipole moment
induced in the molecule by time-dependent electric fields
E(w). Second-order nonlinear effects are governed by the
first hyperpolarizability tensor, 8, which in the case of
second harmonic generation (SHG) converts a single in-
cident field oscillating at w into an induced dipole moment
oscillating at 2w. .

For position operators R(=x,y,z) acting on the electronic
ground state |g) and excited states |n) and |m), we define
the quantity (ijk) and its permutations as

(ijk) = (giRin)(nR|m) (m|R.lg) @

where the complete N-electron dipole moment operator
. N
R; = ;1" ia 3

is given as the sum of N individual electronic operators
Tig:

Taking w, as the energy difference (in units of angular
frequency) between |n) and |g}, we then define expressions

fww) = [(wy, + 20)(wy, + w)]? (4a)
f(2w,~w) = [(@, - 20)(w, - @)} (4b)
flw,~w) = [(w, + w)(wy, - w)]™? (4¢)

for each pair of excited states |n), jm). With this notation,
the components of the SHG tensor are given by standard
perturbation theory> % as

Bin(2wiw,w) = —(e3/8h%) L 2A((ijk) + (ikj)) X
[fRw,w) + f(~20,-w)] + ((kij) + (jik))f(ww)} (5)

Evaluation of # under the “sum-over-states” perturbative
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1298 Chem. Mater., Vol. 4, No. 6, 1992
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Figure 2. (a) The coordination spheres around the two titanium
atoms in the KTP unit cell. (b) Idealized representation of the
environment surrounding Ti(2). The axial 01-Ti-02 group
defines the z direction, and the planar TiO, group establishes the
equatorial (xy) plane of the distorted octahedron.

approach thus amounts to computing the matrix elements
in eq 2 and supplying the energies in eq 4.

The ground state is most conveniently written as a single
closed-shell Slater determinant, while the excited states

In) = LAl Xo—u) (8)

obtained in general by configuration interaction, are linear
combinations of singly-excited determinants {X,.,,). Each
configuration |X,_.,) is an antisymmetrized product of
one-electron molecular orbitals |a)|b)...Ju){v)... and differs
from the ground state by the promotion of one electron
from an occupied orbital |a) to a virtual orbital ju). (Note
that we will consistently use the symbol |...) to denote
determinantal states and |...) to refer to atomic or molecular
orbitals.)

If the atomic coordinates are transformed into a refer-
ence frame where the ground-state electronic dipole mo-
ment, —e(g[R|g), is zero, then the transition moments are
given by

(n|R)m) =
Z bz An,a—-uAm.b—hu[(uVilv)aab - (alrilb)auu]
(7a)
@lRin) = V2 L A,,-alriju) (7b)

Munouwitz et al.

according to the Slater-Condon rules.®®* The factor +/2
appears in eq 7b because the ground state is a closed-shell
singlet.

These expressions are simplified further in the Hiickel
picture, where in the absence of any interelectronic re-
pulsion each excited state is obtained merely by shifting
one electron from an occupied to a virtual orbital. Hence
all but one coefficient is zero in eq 6, and the relevant
matrix elements are then

(niRm) = (ulr)v)ds — (alr|b)d,, (8a)
(@Rin) = V2(alriu) (8b)

The molecular orbitals themselves are taken as linear
combinations of atomic orbitals |u):

la) = Zealu) )

with each atomic basis function
) = %dkutﬁk (10)

expressed as a contracted sum of Gaussian primitives ¢,
in order to facilitate computation of the overlap integrals,
S;;, required in the extended Hiickel calculation. The
Gaussians are understood to be in standard form (not
explicitly normalized):

Pp(E,r) = wylx,y,2) exp(-£r?) (11)

where the angular function w(x,y,z) takes the value 1 for
8 orbitals; x, y, and z for p orbitals, and x? — y?, 3r% - 22,
xy, xz, and yz for d orbitals. Orbital exponents ¢, con-
traction coefficients dy,, and Huckel parameters H;; are
provided in Table I. Interaction integrals H;; are esti-
mated as -1.75S,;,(H;H;)"/* under the modified Wolfs-
berg-Helmholtz approximation.

Model Systems

Geometric Structure. Figure 2a shows the actual
arrangement of atoms belonging to two adjacent TiO,
octahedra in the KTP crystal structure. Each titanium
occupies a distinet crystallographic site, with four of its
surrounding oxygens coordinated to phosphorus atoms
while the other two are linked to neighboring titanium
atoms.

We take as a model for the Ti(2) site a single distorted
TiO¢* octahedron, idealized as having, at most, C,, sym-
metry and envisioned as arising from Ti* and O% species:

Ti¢* + 602 — TiO*
A TiO, fragment, similarly arising as
Ti¢* + 20% — Ti0,

is considered as well in order to further isolate the effects
of the long and short Ti-O bonds.

The TiO¢* model has been used previously in consid-
eration of nonlinear optical effects in KTP, and we adopt
it here partly to simplify comparison with such work.!®4
Both this particular species and the simpler TiO, have the
advantages, moreover, of being derived entirely from
closed-shell constituents and of offering high symmetry.

We label as O1 and 02, respectively, the oxygens in the
long and short Ti—O bonds of TiO®", taking these trans
to the metal along the z axis. Each of the remaining four
oxygens (labeled 03, 04, 05, and O6) is placed along one
of the directions in the xy plane, and the titanium is
positioned at the origin. The relevant coordinate system

(30) Szabo, A.; Ostlund, N. S. Modern Quantum Chemistry: Intro-
duction to Advanced Electronic Structure Theory; Macmillan: New
York, 1982,
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Table I. Orbital Parameters

orbital H; (eV) exponent coefficient
Ti 4s -9.79 0.262088 68 —0.087 43145
0.051404 26 0.081 30729
0.025369 38 0.005693 26
Ti 4p —6.027 0.22141973 -0.01331012
0.03385393 0.01367004
0.01664553 0.003 351 56
Ti 3d -12.11 10.825 60000 6.552054 74
3.394 38000 2.984 78809
1.32219000 0.39766941
1.02491000 0.19732337
0.32136200 0.089 89083
0.12517700 0.011976 16
0 2s -32.3 13.36128171 —0.298 570 80
0.81134241 0.36315127
0.311 486 30 0.13615203
O 2p -14.8 4.757630 66 1.626 48763
1.22103060 1.035 847 46
0.414 55752 0.20023941
TiOg" Tio,
(a) so*
or . do* - o*
—- po sp*
3 p
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Figure 3. Energy levels for TiOs¢ and TiO,, from extended
Hiickel calculations using the parameters in Table I. Equal bond
lengths of 1.96 A are used throughout. (a) Full set. (b) Expanded
view showing the highest occupied levels, which are unlabeled
in the diagram above. Many of the states are nearly degenerate.
Also, some of the 7 orbitals exhibit o® character along one or more
axes. For clarity, we omit a detailed description of these. It is
also noted that upon distortion of the octahedron and removal
of the triple degeneracy, the combination of the p orbitals in the
different levels varies slightly.

is shown in Figure 2b. In considering deviations from
octahedral symmetry we systematically vary, as in earlier
studies,®!* the axial Ti-0O1 and Ti-02 bond distances
around some average value ry by defining a quantity A =
r(Ti-01) - r(Ti-02):

r(Ti-01) =ry+ A/2 (12a)

r(Ti-02) = ro - A/2 (12b)
The four equatorial (xy) Ti—O bonds in the TiOg* species
are fixed at r,.

Energy levels for symmetric TiOg* and TiO, (r, = 1.96
A, A = 0) are summarized in Figure 3, with the full set
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Figure 4. Electronic density for one set of = orbitals in TiO,,
viewed in the xz plane. Bonding and antibonding orbitals derive
from the appropriate combination of |Ti,,), |01,), and [02,),
whereas the nonbonding combination involves only |01,) and
[02,). The weighting of the oxygen atomic orbitals is equal when
A = 0. Equally spaced contours are shown for the lowermost 20%
of the surface. (a) Antibonding, A = 0. (b) Antibonding, A =
0.3 A. (c) Nonbonding, A = 0. (d) Nonbonding, A = 0.3 i (e)
Bonding, A = 0. (f) Bonding, A = 0.3 A. Average bond length
is 1.96 A. The distant oxygen, O1, is positioned at the top of each
6 A X 6 A grid, and the titanium is at the center.

shown in the top panel and an expanded view of the up-
permost occupied orbitals given below. In each panel, the
diagram at the left pertains to TiOg* while that on the
right pertains to TiO,. These levels and the corresponding
molecular orbital combinations evolve smoothly with A as
the structures are varied from the original symmetric ar-
rangements.

In TiO, there are four classes of occupied orbitals (o®,
7", o, 7) and two relevant classes of unoccupied orbitals
(=*, o*) falling within a relatively narrow band of energy,
and it is this subset of the total that is expected to con-
tribute most to the hyperpolarizability. Contours of
electronic density for |r), |x%), and |r*) in TiO, groups with
A=0and A =0.3A (r, = 1.96 A) are presented in Figure
4 to give a sense for the shapes of the orbitals and the effect
of the distortion in a structure close to that existing in the
KTP crystal; an equivalent set of contour plots for the |),
|o™), and |o*) functions is provided in Figure 5. Note that
the ¢" and #" combinations are taken as nonbonding with
respect to titanium.

Many of the orbitals identified in TiO, are found in
TiOg* as well, appropriately modified to reflect the par-
ticipation of the equatorial oxygens in the xy plane. The
most important combinations in TiO® for A = 0 and A
= 0.3 A (r, = 1.96 A) are depicted in Figures 6 and 7 by
contour plots showing electron density in the xz plane for
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Figure 5. Similar to Figure 4, but for the ¢ orbitals in TiO,. Here
the bonding and antibonding combinations involve |Ti,z), |01,),
and [02,), while the nonbonding form includes only |01,) and |02,).

representative «, 7°, 7*, g, 0", and o* levels.

Second Harmonic Generation

The graphs in Figure 8 show values of 8., 8., (=6.y,),
and ﬂx:z (=6xzx = ﬂyyz = ﬁyzy) at 1064 nm, obtained by
substituting expressions 2, 4, and 8 into eq 5. All plots are
presented with the same vertical and horizontal axes for
ease of comparison, and units of § are 10%° cgs. Tensor
indices refer to the coordinate system of Figure 2b.

All singly-excited states were used in the calculations,
and points were computed for TiO, and TiO;* with the
parameters r, = 1.86, 1.96, and 2.06 & and A = 0.0, 0.1, ...,
0.7 A. An average Ti-O bond distance of 1.96 A is typical
for rutile structures; the combination of r, = 1.96 A and
A = 0.83-0.4 A, in particular, gives long and short bonds
reasonably close to those in KTP.

The component 3,,, has the largest magnitude in both
TiO, and TiO¢*, an obvious consequence of the asym-
metric O1-Ti-02 group. All other nonzero components,
which involve either input or output polarizations in the
xy plane, are negligible for TiO,.

Note that the 8,,, curves for TiO, exhibit extrema at
intermediate values of A, whereas those for TiOg® appear
to level off at the largest distortions. The signs of 3,,, are
consistently opposite for the two species as well. We now
consider a term-by-term analysis of eq 5 in order to un-
derstand the detailed origins of these gross features and
to assess their significance.

Each pair of excited states, [n) and |m), contributes to
B as part of the quantity (g|R|n)(n|Rjm)(m|R|g), which
may be visualized as in Figure 9. Having already iden-
tified the principal features of the molecular orbitals, we

Munowitz et al.

Figure 6. Density contours for the 7 orbitals in TiO¢%, as in
Figure 4. The bonding and antibonding forms appear in groups
of three, with each member being a mixture of an off-diagonal
titanium d orbital, here |Ti,,), and four coplanar oxygen p orbitals.
The oxygens appear with equal weight when A = 0, and the
resulting three ty; levels are degenerate under full octahedral
symmetry. The nonbonding orbital shown here is only one of
many; for additional comment, see note 31.

can group the various products of dipole transition mo-
ments into a set of three excitations within the = system:

A: n) =|m) = |7® — 7*)
B: [n) = |x® — |7*), |m) = |r — 7*)
C: [n) =|m) = |x — x*)

and a similar set of three within the ¢ system:

D: jn) =|m) = je" = o*)
E: n)y =|o® — o*), |m) = |0 — o*)
F: |n) = |m) = |o — o*)

These categories provide a convenient way to separate
different contributions to 8 in the perturbative expression
and, with the aid of relationship 8 for the matrix elements,
enable us to concentrate on excitations involving only four
types of occupied orbitals (, 7, 0, ¢") and two types of
unoccupied orbitals (z*, o*).

= and s Excitations in TiO,. With a basis set of 17
atomic orbitals (one s, three p, and five d functions for
titanium; one s and three p functions for each oxygen),
there are 72 excited states for TiO, and thus 5184 possible
pairs of [n) and |m). Of this total, however, only a select
number contribute appreciably to 8, since, when arranged
in decreasing order, the absolute values of each term in
eq 5 drop by more than 3 orders of magnitude over the first
two dozen pairs of states. In Figure 10a, for r, = 1.96 A
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Figure 7. Similar to Figure 6, but for the o orbitals in TiOg%.
Two ¢ bonding orbitals, which mix the components [Ti,22), |Ti,?),
101,), |02,), |03,), |04,), |05,), and |06,), become the doubly
degenerate e, levels when A = 0. A corresponding pair of anti-
bonding oomﬁinations exist, as do other antibonding arrangements
involving titanium and oxygen p and s orbitals and, to varying
extents, the titanium d,2. These ¢ functions are similar to the
one in TiO,, but the higher symmetry of TiO¢* allows additional
mixing of the d,2_2 with the equatorial oxygen p orbitals. There
is, finally, a single nonbonding ¢ combination involving all six
oxygen orbitals along the coordinate axes.

we compare values of 8,,, obtained from complete sums
over states with those obtained from partial sums over just
these largest contributions. The partial sum consists en-
tirely of excitations belonging to the six families A-F, and
the good agreement between the two curves indicates that
this subset of terms closely tracks the behavior of the full
system.

Next, in Figure 10b we decompose the partial sum (A
+B+C+D+E+F)intoarset(A+B+C)andac
set (D + E + F) to see immediately that the nonlinear
susceptibility is determined largely by = excitations. The
extremum in the curve arises entirely from the 7 contri-
bution, while the ¢ contribution grows steadily but mod-
estly over the range of distortions considered.

Principal members of the A family include the degen-
erate [r," — =, *) and |r," — x,*) states; similarly, the C
family is formed by the |7, — #,*) and |, — =, *) states.
The off-diagonal B terms include the four possible com-
binations of nonbonding — antibonding and bonding —
antibonding transitions. The separate contributions made
to 8 by A, B, and C are shown in Figure 11a, where we see
that the A and B curves are both large but opposite in sign.
Values on the C curve, reflecting the effect of diagonal
bonding — antibonding excitations, are smallest at all
values of A, although comparable in magnitude to the
difference of A and B. It is through this small difference
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between two sets of larger numbers that the extremum in
the curve is preserved in a reduced form.

A similar presentation for the ¢ system, with a different
scale used for the vertical axis, is made in Figure 11b.
Again the net contribution arises as a difference between
two larger numbers of opposite sign, D and E, while here
the F terms are virtually zero. Moreover, in overall ap-
pearance the D and E curves are similar to A and B and
may in fact pass through extreme points near A = 0.6 A.
We should stress, however, that such subtle differences in
the shapes of the curves are probably far beyond the lim-
itations of the present model.

Transition Dipole Moments in TiOQ,. The relevant
matrix elements for the 7 excitations may be reduced to
integrals over molecular orbitals according to eq 8:

I (BI2m—7*) = V/2(rlz|r*) (13a)
Il (Bl2lr—n*) = V/2(x"lelr) (13b)
I (=¥ 2| %) = —(m|z|x") (13¢)
v (rom*|Zlm—n*) = (r*2|7*) ~ (zjzjr)  (13d)
\' (mi—r*|Zmr—*) = (r¥z|r*) - (7Pfz|7)  (13e)

from which (using the notation I, I1, ..., above) the products
(glZ|n) (n|Z|m)(m|Z|g) follow as 1%V, L.II.III, and I2IV
for A, B, and C, respectively.

Matrix elements IV and V therefore become equal to the
difference in dipole moment between the =* electron
distribution and either the = or 7, whereas the remaining
integrals are proportional to transition moments involving
given pairs of the |7), |"), and |=*) molecular orbitals.
Electron distributions corresponding to the three 7 orbitals
have already been shown in Figure 4. At this point we plot
the negatives of the molecular integrals separately in
Figure 12 to demonstrate how the maxima and minima
arise in the final products. The overall value for each
family (in atomic units) is the result of two opposing
trends, with one matrix element increasing as a function
of A while the others decrease.

The algebraic signs and relative magnitudes of these
integrals can be understood by using eq 13 and Figures 4-7.
For example, the matrix element associated with family
A is proportional to

(8|2 |x"—m* ) |2 (wP—>*| Z|mP—>m* )
and the sign is carried by
(7 —>m*|Z|m—*) = (w*|z|m*) - (m"|z|m)

From Figure 4 we see that the molecular integrals (7*|z|=*)
and (7|z|7) are both zero, by symmetry, when A = 0. As
the difference in bond lengths grows, electronic density in
the =" orbital shifts toward the distant oxygen (on the
positive z axis), whereas in the 7* the shift is toward the
near oxygen (along the negative 2z axis). As a result,
(r")2}7") increases more rapidly than (z*|z|7*) and is
positive. The overall sign of the family A matrix element
is therefore negative, as is consistent with the explicit
calculation in Figure 12a. (But note that the quantities
plotted in Figure 12 are proportional to electronic dipole
moments, —e(z), and that it is the product of three such
matrix elements that produces the factor ~e® in eq 5.)
In Figure 13 we show for families A, B, and C the values
of the energy factors f as defined in eq 4. These curves
increase steadily with A, changing by approximately 35%
over the range shown, but run nearly parallel throughout.
As a result, they play little role in introducing any dif-
ferences among the three families contributing to 8.
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Figure 8. Nonzero components of 8 for TiO, and TiOXB‘ (at 1064 nm, in units of 107% cgs), shown as point-to-point plots versus A.

Average Ti-O bond distances are 1.86 A (curve 1), 1.96
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Figure 9. The matrix element (g|R|n) (n|R|m) (m|R|g), pictured
as three virtual transitions involving states |g), |n), and |m). Each
transition may be polarized along any of the coordinate axes.

x and o Excitations in TiOg". There are 216 singly-
excited states in TiOg* and thus 46656 combinations that
contribute to 3,,,. Of these we arbitrarily select the 100
terms with the largest absolute values and plot both the
partial sum A + B + C + D + E + F and the complete sum
in Figure 14a. As with TiO,, the partial sum provides an
excellent approximation despite certain minor irregular-

ities. The jagged features apparent in the point-to-point
plot arise from the arbitrary cutoff after 100 components.
This set of values is closely spaced, and not every family
is represented by the same number of contributions at each
A; hence, there is some slight variation about the limiting
values. Magnitudes decrease approximately 5-fold over
the 20 largest terms, and drop by a factor 100-200 over
the first 100.

There are more orbitals in TiOg® than in TiO,, but we
adhere to the same basic description of families A-F as
before. One necessary modification is the inclusion of all
nonbonding = and ¢ orbitals where appropriate in A, B,
D, and E. Various families also contain small components
from new sources (for example, in B, a rare excitation from
a combination of equatorial oxygen s orbitals to the =*
orbital), but these are generally insignificant. We include
them for the sake of consistency and to preserve a rea-
sonably compact description. In all cases, however, the
50 or so largest contributions are dominated by A and B
terms.

Figure 14b, similar to Figure 10b, shows the breakdown
of B,,, into 7 and ¢ terms. Again the hyperpolarizability
is mostly a consequence of the r electrons, even more so
than in TiO;. The assumption that = excitations alone
should determine the nonlinear optical properties of KTP
is consistent with certain elementary pictures of bonding,
and has been made before albeit without the support of
explicit calculations.!®'* Nevertheless, the apparent ex-
clusion of ¢ effects is not obvious given the favorable
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Figure 10. Point-to-point plots of 8,,, for TiO, (r, = 1.96 A),
decomposed into 7 and ¢ contributions. (a) Values calculated
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Figure 11. Further analysis of 3,,, in TiO,. (a) Individual 7 terms
(A, B, C), with the sum shown as the broken curve. (b) Similar,
for the o terms (D, E, and F). Note the different vertical scales.

position of the ¢ orbitals on the energy level diagram. In
previous ab initio studies of a similar distorted octahedral
structure, Ti(OH),0,%", we have found that the dp ¢ or-
bital, which is filled in the ground state, can mediate a
transfer of charge from the distant to the near oxygen.?
Such a mechanism could lead to an enhanced excited-state
dipole moment and thereby affect 8, but this effect is not
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Figure 12. Dipole transition moments for each family of v
excitations in TiO,. Matrix elements (in atomic units; 1 bohr =
0.529 A) are labeled as in eq 13, and the product of the three
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Figure 13. Sum of the corresponding energy factors, f, associated
with 8,,, for the r excitations in TiO,.

evident in the present model.

A final breakdown of the 7 terms into separate A, B, and
C curves is provided in Figure 14c¢. It is apparent that, in
this context, TiO* shares the same basic features with
TiO,—namely large values with opposite signs for A and
B, maxima and minima in the A and B curves, and a
steadily increasing, but still small, C curve. We note that
the B term alone in TiOg® has been examined previously
using extended Hiickel wave functions.'®!* The present
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B+ C)and ¢ (D + E + F) terms. The ¢ contribution is virtually
nonexistent. (c) Individual = terms (A, B, C); the sum is indicated
by the broken curve. Note the similarity to Figure 11a.

results indicate the importance of the diagonal A and C
terms for a complete picture of the = excitations and
suggest that caution must be exercised when assessing
apparent differences in 8 at this level of theory.
Several other points are worth noting concerning the
nature of the excited states involved in the largest con-
tributions to 8,,,. The overwhelming majority of excited
states for all values of ry and A are derived from population
of the degenerate |r,,*) and |r,,*) orbitals. The sources

Munowitz et al.

are either the degenerate |r.,) and |=,,) orbitals, or one of
four degenerate pairs of |r,,,").3! The nonbonding orbitals
retain the same order in energy over the whole range of
ro and A, although the mixing of atomic orbitals within a
particular pair varies. All of the molecular orbitals that
participate contain a 7.," component, whereas those that
do not have only =.” or =, character. In the undistorted
case, the two axial oxygen atoms contribute equally to each
of the = orbitals. This no longer holds when A is nonzero,
however. One pair is then largely derived from O1 (the
distant oxygen), while another pair has a major contribu-
tion fron the near oxygen, 02. The remaining = orbitals
do not show any sharp distinctions. These differences are
reflected in the dependence upon A of the contributions
to 8., from the |r,,,") orbitals. Those contributions ori-
ginating from the orbitals involving O1 fall sharply as A
increases whereas those involving 02 grow in magnitude.

Summary

Extended Hiickel /sum-over-states calculations of elec-
tronic hyperpolarizability in TiO, and TiO¢® are remark-
ably sensitive to bond lengths. Taking these two fragments
as representative of those portions of the KTP crystal most
relevant to its nonlinear optical properties, we have com-
puted 8 for a variety of structures containing different long
and short axial Ti—O bonds. State-by-state analysis reveals
that (1) nonlinear optical effects arise almost entirely from
excitations within the = system, (2) the net effect is the
result of the small difference between two large contri-
butions of opposite sign, and (3) 8 values for the TiO, and
TiO¢* systems, despite superficial differences, are deter-
mined by very similar influences. In view of (2) it is
perhaps not surprising that the SHG intensities observed
from KTP isomorphs vary over very wide ranges, while the
TiOg octahedra in the crystal structures appear to exhibit
almost insignificant variations with composition,!%1%15

Having established these points with extended Hiickel
theory, in future work we intend to investigate further the
properties of 8 by using self-consistent wave functions with
excited states generated by configuration interaction.
Larger systems and -Ti—0-Ti-O-chains are to be consid-
ered as well. These calculations may be expected to give
some substance to the apparent correlation between the
Ti~O-Ti bond angles and SHG intensities observed for
many isomorphs.1%1315

Registry No. KTP, 12690-20-9; Ti, 7440-32-6; O,, 7782-44-17.

(31) Nonbonding = orbitals abound in TiO¢®". There are four triply
degenerate groupings in symmetric TiOg*, each involving different sub-
sets of the six oxygen p functions. The form |r.,.%), for example, arises
from atomic orbitals |01,), |O1,), |02,), |02,), |035, 104,), |05,), |086,), and
exhibits a configuration of axial oxygen p, orbitals similar to that in TiO,.
Other combinations involve assorted mixtures of all the oxygen p func-
tions.



